9FMO0/3A: Further Pure Mathematics 01 Mark scheme

Question Scheme Marks AOs
dy
1 " ay k= — n22 =0 where
— - 2 a b? dx
@—asecetane,ﬁ—bsec 0 k>0andn >0 M1 21
d_y _ b sec26 (= bsec 6 _ b ) dy bzx bsec 6 Al 1.1b
dx asech tanf atan 6 asin @ —_ = —=
dx a?y atan@
bsec 0
y—btan 6= (a:::ze) (x —a sec 6) M1 | 1.1b
yatan 8 = xbsec 8 — ab* Al* 2.1
4)
(4 marks)
Notes:

M1: Differentiates in an attempt to find:—y
X

either differentiates x and y and divides 3—;’ by j—z

. d
or achieves k= — n<2 =0where k > 0andn > 0
a? b2 dx

Al: Correct expression for j—y
X

M1: Usesy — b tan 8 = ‘their cdi_y > (x—asec b)
X

Al1*: Uses correct algebra and trig identities to achieve the correct equation of the tangent.




0
2
@ b xc=0i+5)+5kor (5) ML | 1.1b
5
area of triangle OBC = %IOi + 5j + 5Kk| = %\/5_ = 2\/5 0.e. Al 2.2a
)
a.(bxc)=|1].[5]=0+5+0=5 M1 | 1.1b
0/ \5
volume of tetrahedron OABC :% X |5] = % Al 2.2a
()
(4 marks)
Notes:
(@)

M1: Attempts the vector product b x c, with at least two correct terms.
Al: Deduces area of triangle OBC = % |b X c|

(b)
M1: Attempt at the triple scaler product a . (b x ¢)

Al: Deduces volume of tetrahedron OABC :% la.(b X ¢




X 2 (X
3(a) 4tanx + 3cot (2) sec (2)
3 X
= 4tanx + — (1 + tan? (—))
tan (7) 2 M1 | 2.1
2t 3
=4 —(1 2
(1—t2>+t( + )
8t 3(1 + t2)
(1 — tZ) + t =0
8t2+3(1+ £2)(1-t2) M1 1.1b
2 2 a2y +3(1+ —t7) _
8t +3(1+ t*)(1—t*)=0o0r () =0
3t*—8t2-3=0* Al* 1.1b
3)
(b) Solves quadratic for t2 by factorising, quadratic formula, calculator
B2+ 1)(t2 —3) = 0,2 = 2O
) 26 M1 | 3.1a
2 _ 2 — __
t 3, t 3
leading to value fort=....
t= +3 Al 1.1b
Finds two correct values for x = —4?” , —2?” , 2?” , 4?” M1 1.1b
All correct values for x = —4?” , —2?” , 2?” , 4?” Al 2.2a
4)
(7 marks)
Notes:
(@

M1: Expresses 3cot (2) sec? (g) in terms of tan (g) and uses t substitutions to obtain an expression
in terms of t only

M1: Multiplies through by t and (1 — t2) or forms a common denominator

Al1*:3t* —8t2 —3 =0cso

(©)

M1: Solve the quadratic in t? leading to a value for t
Al: Correct values for t = ++/3

. 4 2 2 4
M1: Finds two correct values for x = —?", —?”, ?" ?"
41T 2T 2T 41

Al: All correct values for x = 3 T3 303




4 Solves x? —2x —2=0o0rx?+2x—2=0 M1 | 1.1b
Solves both x* —2x —2=0andx?+2x—-2=0 M1 | 3.1la
x=222=1+V3andxr= 2= —1 £ 43 Al | 11b
Deduces the required rootsare x = 1 ++v3 and x = —1 + /3 M1 | 22a
eg {xeRx<-1+V3}uf{xeRix>1++3} Al | 25

()
(5 marks)

Notes:

M1: Solves either x2 —2x —2=00rx2+2x—-2=0

M1: Complete strategy to identify and solve all relevant equations and gets two critical values

Al: Correct exact values for x, may be unsimplified
M1: Deduces that the larger roots are required in each case
Al: Correct set of values given and correct set notation form




5(i) b X ais perpendicular to a (and/or b) M1 2.4
Therefore a.(b x a) =0 Al | 11b
)
(i) axb=axc=ax(b-¢c)=0 M1 3.1a
As a#0andb # cthen a is parallel to (b — c) therefore b —c = Aa Al 2.4
()
(4 marks)
Notes:
(i)
M1: Reasoning that b x a is perpendicular to a
Al:a.(bxa)=0
(ii)

M1: Collecting on to one side and factorising
Al: Reasoning: as a # 0 and b # c then a is parallel to (b — ¢) therefore b —c = Xa




d
6@ x,=0  y,=1, (—y> =0 -1=-1 BL | 1ib
dx 0
dy
V1= yo + h(a) =14 0.05(-1) =... M1 | 1.1b
0
=0.95 Al | 1.1b
d
(d—y) — 0.05% — 0.952 = —0.9
gé dy M1 | 21
1
=0.905 Al 1.1b
(5)
2
® Y. . Y W BL | 21
dx y = dx? x ydx
d®y d?y dy\?
—Xo2 -y + (—)
dx3 ydxz t & dx
Lo ody 5 o [P 2 3
or substituting in =X y* so that Tz = 2X —2yx"+2y M1 11b
d3 dy dy
— =24 + Bx* =+ Sy*—
gl Rey ERT T Oy
d®y d?y dy\?
212y
dx3 dx? dx
or Al 1.1b
dy y dy
—= =2 —4xy — 2x2 22
dx? R TR
€©)
dy
(© x=0y=1=—+—= -1 M1 2.2a
d?y _ _ 1y —
= 20— 2D =2 ML | 1.1b
d3
&y =2-2(1)(2)-2(-1)2 = —4 Al 1.1b
dx3
" 0 xz " 0 .'X'3
y = y(0) +y'(0)x + (2) + 2 (6) o ML | 25
Series solutiony =1 —x + x? — §x3 Al 1.1b
(5)

(13 marks)




Notes:

(@)

B1: (‘;—z)o = -1

M1: Applies the approximation formula with y, and their value for (j—z)
Al: y, = 0.95

M1: Finds ( ) and applies the approximation formula with their values for y; and ( )
Al: y, = 0.905

0

1

(b)
2
B1: Differentiates to d—y =2x — Zyj—y

M1: Differentiates to the form — =2 — Ay@ + #( ) where A > 0,u # 0
- = — -7 — _ 3
or substituting i in 4 dx =x? —y?s0 that dx2 =2x — 2yx%* + 2y
3
:3? 2 iaxj—y +,Bx2d—y+ 6y2d—ywhere6 >0,a,p #0

. d“y dy d3y dy
A1.@=2—2y——2( )o 2 =2-dxy — 2222+ 6y? 2

dx? rd dx
(c)

B1: Deduces the value for d—y 1
M1: Finds the values of —2 and d—y
Al: Correct values for E and @

M1: Substitutes into the correct formula and mathematical language, allow factorial notation
Al: Correct series, must start withy = ...




12
7@ | 4=1000(1+—)" =1051.16* B1* | 1.1b
1200
1)
T n r n r
) Lety=(1+—) solny=In(1+——) =nn(1+->) M1 | 3.a
In (1 + L)
. s o 100n M1 | 21
Al_rilo Iny = 1{1—1;1;10 nin (1 + 100n) B rllg?o 1/n
i | 100m2 . 1 dM1 | 1.1b
T oo r\  n? Al | 1.1b
(1 +100m)
I /100 r
n-oq 4 10T0n 100 Al 1.1b
n . T
lim (1+-——) = limy = lim e" = et " = efug AL* | 21
n—-oo 100n n—-oo n—oo
(6)
(©) 5 V"
I (1 ) _ 005 BL | 34
i\ T o0n) T ©
5 n
Therefore lim 1000 (1+——) = 1000e%°° M1 | 2.2a
n—oo 100n
Student has £1051.27 in their saving account after one year Al 3.2a
3)
(10 marks)
Notes:
@

B1*: Using P = 1000, r =5 and n = 12 to show A = 1051.16

(b)
M1: Taking In’s to express In (1 + L)n = nln (1 + L)

100n 100n
) L. ) . . 1n(1+L)
M1: Expressing the limit as a quotient lim Iny = lim %
n—-oo n—oo n

dM1: Applies L’Hospital’s rule and attempts to differentiate both the numerator and denominator.

Depends on previous method mark

-r
Al: Correct differentiation lim l/l—OS"Z + ;—;l simplified or un-simplified

n—eo (1+100n)

Al: Correct answer for the limit
Al1*: Fully correct proof with all mathematical notation cso

(©)
: : 0.05\" _ o005
B1: Uses model and the result from part (b) lim (1 +— ) =e
n—->oo

0.05

n
M1: Deduces that the amount will be lim 1000 (1 + T) = 1000e%05

n—-oo

Al: Give answer in pounds to 2 decimal places £1051.27




dx dw

8@ x=wts> —=—t+w Bl | 1ib
d dt
dw
t (Et + w) + 2t?2(wt) = wt(2t + 1) M1 2.1
dw
tza + tw + 2t3w = 2wt? + wt
dw
£2 - 4 263w = 2wit2 Al* 1.1b
Leading to ((jj—vtv +2tw—-2w=0%*
@)
(b) !
" dw=2|(1—-1t)dt M1 3.1a
Inw = 2t — t? (+c¢) M1 | 1.1b
Uses correct exponential and In work to reach
w = e2t—tic = Q2t—t?ac — pa2t—t? Al 21
Displacement from O is given by x = wt =.... M1 3.4
x = Ate?t=t** Al* | 22a
()
© Uses x = 1E) vzvhen t = 2 to find the value of A, 10 = 24 and achieves B1 34
x = 5te?t~t
1)
(d) Sets = =0 = 2t2x = x(2t + 1) = 2% = 2t + 1
or differentiates x = Z—f = 5e2t~t* 4 5¢(2 — 2t)e2t"t" = M1 | 3.la
to form and solve a quadratic equation.
o 1EV3 Al | L1b
2
1+V3) (1+V3)
MY ERA L e2< ) (555) dM1 | 1.1b
2
Maximum displacement = awrt 16.2 m or 162 cm Al 3.2a
(4)
) x = 5te?t~t* = 5te2te~t” or Stf;t M1 3.4
e
Ast — oo, et > 0or e2t7t* 50 . displacement from O tends
to 0 Al 2.4
or et” — oo - displacement from O tends to 0
()

(15 marks)




Notes:

()

B1: Correct derivative i—f

M1: Substitutes in their %
Al1*: Completely correct proof

(b)
M1: Separates the variables correctly, with dw and dt the correct positions.
M1: Integrates both sides to the form Inw = f(t) with or without +c

Al: Uses correct exponential and In work to reach w = e2t=t°+¢ = 2t~ g = ge2t=t*
Must have + ¢ and a correct intermediate stage.

M1: Links their equation w = f(t) to the solution of the model equation correctly.
For x =t ‘their w’

A1*: Deduces the correct general equation for the distance

(©)

B1: Uses x = 10 when t = 2 to find the correct value of A

(d)
M1: Sets % = 0 into the differential equation, or uses the product rule to differentiate x and sets

j—: = 0, to form and solve a quadratic equation.

Al: Correct value(s) for t
dM1: Dependent of previous method mark, substitutes their value of t to find a value for x.
Al: Maximum displacement = awrt 16.2 m or 162 cm

(e)
M1: Using the model, separates the exponential terms
Al: Reason .. displacement from O tends to 0




9(a) Z=2\3 B1 3.4
e 3
Uses a = 2b and b? = a?(1 — e?)
M1 3.1a
Either b2 = 4b%(1 — e?) or %’ = a?(1 - e?)
. 1 _ 2 _ \/§ _ \/§ 8
Eltherz =1—e“thene = ~ soa= (7) (5\/5)
or M1 2.1
3 av3 1 3a? . _
e= 5= 45 thenz— (1— E) leadingtoa=...
a=4 Al 1.1b
_ e X2y
b=-=2and—+5=1 M1 | 11b
| Al | L1b
16 4
(6)
(b) | Foci (+ae,0), x = 4(¥) = 2v3 ML | 3.1b
Water features at (2v3,0) and (—2v3,0) Al | 34
(2)
(©) Uses PS = ePN, leading to 2 = \/2—5 PN M1 3.4
4 4
PN= —= -3 Al | 1.1b
V3 3
8 4 4
x=-V3—=v3= =13 M1 | 1.1b
3 3 3
£3) _
%+”; = 1 leading to a value fory M1 1.1b
Uses symmetry to find all 4 points
Al 3.4

(3 576). (53.~3v6). (=5¥3. 5V6) and (=53, ~345)

()




Alternative 9(c)

Solves (x —'2v3')" + y2 = 4 or (x +'2V3)" +y? = 4 with the M1 | 34
equation of their ellipse and follow through on their foci to find a
value of x ory

Any correct value of x or y Al 1.1b

Uses symmetry to find another value of x or y or

Solves (x —'2v3')" + y2 = 4 and (x + '2v3")" + y? = 4 with the ML | 11b
equation of their ellipse and follow through on their foci to find a
value of x ory

Finds a complete point M1 1.1b

Finds all 4 points
(4v3, 2V8), (2v3,-2VB), (-2v3, 2vB)and (-4v3, —2v6) = At | %7

Q)

(13 marks)

Notes:

(a)

B1: Using half the length equals the x coordinate of the directrix

M1: Uses a = 2b and b? = a?(1 — e?)

M1: For a complete method to find a value for a

Al:Fora =4

M1: Finding the value for b and substituting the values of a and b into the equation of an ellipse
Al: Correct equation of the ellipse, must square out a and b.

(b)
M1: For realising that the foci for the ellipse are required and finds x-coordinate of focus x = ae
Al: Finds both coordinates for the water features

(©

M1: Uses focus directrix property with PS = 2 and their value for e

Al: Correct distance for PN

M1: Using x = directrix — PN

M1: Substitutes value for x into their equation of the ellipse to find a value for y
Al: All 4 correct points

(c) Alternative

M1: Solves simultaneously their equation of the ellipse and a circle with centre (‘their foci’, 0) and
radius 2. Finds at least one value for x or y

Al: A correct value of x :igﬁ ory= + gx/g

M1: Or uses symmetry to find another values of x or y. Or solves simultaneously their equation of
the ellipse and both circles with centre (‘their foci’, 0) and radius 2. Finds at least one value of x or y.
M1: Finds a complete coordinate

Al: All 4 correct points






